A nonperturbative approach to two-dimensional covariant gauge QCD is presented in the context of the Schwinger-Dyson equations and the corresponding Slavnov-Taylor identities. The distribution theory, complemented by the dimensional regularization method, is used in order to treat correctly the infrared singularities which inevitably appear in the theory. By working out the multiplicative renormalization program we remove them from the theory on a general ground and in a self-consistent way, proving thus the infrared multiplicative renormalizability of two-dimensional QCD within our approach. We also show explicitly how to formulate the bound-state problem and the Schwinger-Dyson equations for the gluon propagator and the triple gauge field proper vertex, all free from the infrared singularities.
I. INTRODUCTION
It is well known that two-dimensional (2D) QCD is an ultraviolet (UV), i.e., perturbativaly (PT) super-renormalizable field theory [1, 2] . However, our investigation of 2D covariant gauge QCD [3] within the distribution theory (DT) [4] clearly shows that this theory is infrared (IR) divergent as well since its free gluon propagator IR singularity is nonperturbative (NP), i.e., a severe one. For that very reason, it becomes inevitable firstly to regularize it and secondly to prove its IR renormalizability, i.e., to prove that all the NP IR singularities can be removed from the theory on a general ground and in a self-consistent way. This is just the primary goal of this paper which is a direct continuation of our previous work [3] .
In order to formulate the IR multiplicative renormalization (IRMR) program in 2D QCD, it is reasonable to start with the explanation within our approach why the IR structure of 2D QCD is so singular.
Let us consider the Schwinger-Dyson (SD) equation for the quark propagator (PT unrenormalized for simplicity in order not to complicate notations) in momentum space with Euclidean signature S −1 (p) = S −1 0 (p) − g 2 C F i d n q (2π) n Γ µ (p, q)S(p − q)γ ν D 0 µν (q), (1.1) where C F is the eigenvalue of the quadratic Casimir operator in the fundamental representation ( for SU(N c ), in general, C F = (N 2 c − 1)/2N c = 4/3) and S −1 0 (p) = i(p + m 0 ) with m 0 being the current ("bare") mass of a single quark. Γ µ (p, q) is the corresponding quark-gluon proper vertex function. Instead of the simplifications due to the limit N c → ∞ at fixed g 2 N c and light-cone gauge [5, 6] , we have used the free gluon propagator in the covariant gauge from the very beginning. This makes it possible to maintain the direct interaction of massless gluons which is the main dynamical effect in QCD of any dimensions. In the covariant gauge it is D 0 µν (q) = i g µν + (ξ − 1)
where ξ is the gauge fixing parameter.
The important observation now is that for the free gluon propagator the exact singularity 1/q 2 at q 2 → 0 in 2D QCD is severe and therefore it should be correctly treated within the DT [4, 7] (in Ref. [7] some fundamental results of pure mathematical tractate on the DT [4] necessary for further purpose are presented in a suitable form). In order to actually define the system of SD equations in the IR region, it is convenient to apply the gaugeinvariant dimensional regularization (DR) method of 't Hooft and Veltman [8] in the limit D = 2 + 2ǫ, ǫ → 0 + . Here and below ǫ is the small IR regularization parameter which is to be set to zero at the end of computations. This severe singularity should be treated in the sense of the DT (i.e., under integrals, taking into account the smoothness properties of the corresponding test functions), where the relation [4, 7] (
holds. We point out that after introducing this expansion here and everywhere one can fix the number of dimensions, i.e., put D = n = 2 without any further problems since there will be no other severe IR singularities with respect to ǫ as ǫ → 0 + in the corresponding SD equations but those explicitly shown in this expansion.
Let us make a few remarks. It is worth emphasizing that the IR singularity (1.3) is unique, the simplest IR singularity possible in 2D QCD, however, it is a NP (severe) singularity at the same time [4, 7] . In other words, the free gluon propagator may serve as a rather good approximation to the full gluon propagator, at least in the deep IR region, since it exactly reproduces a possible IR singularity of the full gluon propagator. In this connection, let us remind that in 4D QCD the free gluon's IR singularity is not severe, i.e., the Laurent 3) ). This is true even for skeleton diagrams containing the scattering kernels which in their turn are defined by their own skeleton expansions (see below).
II. IRMR PROGRAM IN THE QUARK-GHOST SECTOR
In the presence of such a severe singularity (1.3) all Green's functions and coupling constant (which in 2D QCD has the dimensions of mass) become generally dependent on the IR regularization parameter ǫ, i.e., they become IR regularized (for simplicity , this dependence is not shown explicitly in what follows). The relations between the IR regularized and the IR renormalized (denoted with bars and which exist as ǫ goes to zero, by definition) quantities determine the corresponding IRMR constants. Let us remind some of these relations introduced in Ref. [3] : Γ µ (p, q) = Z −1 1 (ǫ)Γ µ (p, q), g 2 = X(ǫ)ḡ 2 and S(p) = Z 2 (ǫ)S(p). Here and below Z 1 (ǫ), Z 2 (ǫ) and X(ǫ) are the above-mentioned IRMR constants of the vertex, quark propagator and coupling constant squared, respectively. The ǫ-dependence is indicated explicitly in order to distinguish them from the usual ultraviolet (UV) renormalization constants. In all relations containing the IRMR constants, the ǫ → 0 + limit ia always assumed at the final stage. The similar relations should be introduced for the ghost degrees of freedom [3] .
In their turn, the relations between these constants (established by passing to the IR renormalized quantities in the corresponding SD equations and Slavnov-Taylor (ST) identities) determine the corresponding IR convergence conditions. The system of the corresponding IR convergence conditions in the quark-ghost sector consists of the quark SD, the ghost self-energy and the quark ST identity conditions. They are [3] :
Thus, in general, we have five independent IRMR constants.Z 1 (ǫ) andZ 2 (ǫ) determine the renormalization of the ghost-gluon proper vertex and ghost propagator, respectively, i.e., G µ =Z 1 (ǫ)Ḡ µ and G =Z 2 (ǫ)Ḡ. For simplicity, here and below we omit the dependence on the corresponding momenta. We know that the quark wave function IRMR constant Z 2 (ǫ) cannot be singular, while the ghost self-energy IRMR constantZ(ǫ) =Z −1 2 (ǫ), by definition, is either singular or constant as ǫ → 0 + . It is evident that these very conditions and similar ones below govern the concrete ǫ-dependence of the IRMR constants which in general remain arbitrary.
So we have three conditions for the above-mentioned five independent IRMR constants.
Obviously, this system always has a nontrivial solution determining three of them in terms of two any chosen independent IRMR constants. It is convenient to chooseZ(ǫ) and Z 2 (ǫ)
as the two independent IRMR constants since we know their possible behavior with respect to ǫ as it goes to zero. Then a general solution to the system (2.1) can be written down as follows:
Thus in the quark-ghost sector the self-consistent IRMR program really exists. Moreover, it has room for additional specifications. The most interesting case is the quark propagator which is IR finite from the very, i.e., when the quark wave function IRMR constant Z 2 (ǫ) = Z 2 = const. The second interesting case is whenZ(ǫ) = KZ −1 2 (ǫ), where K is an arbitrary but finite constant (see section IV). However, in Ref. [3] it has been shown explicitly that by redefining all the IRMR constants, all finite but arbitrary constants like Z 2 and K can be put to unity without losing generality.
III. IR FINITE ST IDENTITIES FOR PURE GLUON VERTICES
In order to determine the IR finite bound-state problem within the Bethe-Salpeter (BS) formalism, it is necessary to know the IRMR constants of the three-and four-gluon proper vertex functions which satisfy the corresponding ST identities [1, [9] [10] [11] [12] [13] . This information is also necessary to investigate the IR properties of all other SD equations in 2D QCD. It is convenient to start from the ST identity for the three-gluon vertex which is [9,10]
where k + q + r = 0 is understood and d −1 is the inverse of the exact gluon form factor, while G's are the corresponding ghost-gluon vertices, and b(k 2 ) is the ghost self-energy. Let us now introduce the IR renormalized triple gauge field vertex as follows:
whereT λµν (k, q, r) exists as ǫ goes to zero. Passing to the IR renormalized quantities, one obtains
so that the following IR convergence relation holds
In the derivation of this relation (as well as those similar below) we use b =Z(ǫ)b and G λν = [3] . Here and below we are considering the inverse of the free gluon propagator as IR finite from the very beginning, i.e., d −1 ≡d −1 = 1. It is not a singularity at all and therefore it should not be treated as a distribution [4] (there is no integration over its momentum).
The corresponding ST identity for the quartic gauge field vertex is [9,10]
where p + q + r + s = 0 is understood. Here T's and G's are the corresponding threeand ghost-gluon vertices, respectively. The quantity B g with three Dirac indices is the corresponding ghost-gluon scattering kernel which is shown in Fig. 1 (see also Refs. [1, 11] ). 
Let us remind that a factor X(ǫ) should be additionally assigned to each ghost-gluon vertex, while to the scattering kernel B g with two gluon legs a factor X(ǫ) should be additionally assigned. Let us now introduce the IR renormalized four-gluon gauge field vertex as follows:
T λµνδ (p, q, r, s) = Z 4 (ǫ)T λµνδ (p, q, r, s), whereT λµνδ (p, q, r, s) exists as ǫ goes to zero. Passing again to the IR renormalized quantities, one obtains
Evidently, in the derivation of this expression the general solution (2.2) has been used as well as Eqs. 
where we introduce the IRMR constant Z K (ǫ) of the BS scattering kernel as follows: In general, the nth skeleton diagram of the BS equation skeleton expansion contains n independent loop integrations over the gluon momentum which, as we already know, generate a factor 1/ǫ each, n 1 quark-gluon vertex functions and n 2 quark propagators. Also it contains n 3 and n 4 three and four-gluon vertices, respectively. It is worth reminding that to each quark-gluon vertex and three-gluon vertex a factor X(ǫ) should be additionally assigned, while to the four-gluon vertex a factor X(ǫ) should be assigned. Thus the corresponding IRMR constant is equal to
On the other hand, it is easy to see that for each skeleton diagram the following relations hold n 2 = n 1 − 2, 2n = n 1 + n 3 + 2n 4 . Substituting these relations into the previous expression as well as using the general solution (2.2) and taking into account results of the previous section, one finally obtains Z (n)
is an arbitrary but finite constant different, in principle, for each skeleton diagram. Evidently, its solution isZ(ǫ) = A (n) −1 n 1 −n Z −1 2 (ǫ). Let us emphasize now that the relation between these (and all other) IRMR constants cannot depend on which skeleton diagram is considered. This means that the above-mentioned arbitrary but finite constant can only be a common factor for all skeleton diagrams, i.e.,
where K can be put to unity not losing generality as we already know.
Thus the solution becomesZ
Summarizing, the general system of the IR convergence conditions for removing at this stage all the severe IR singularities on a general ground and in a self-consistent way from the theory is 6) and the limit ǫ → 0 + is always assumed. This system provides the cancellation of all the severe IR singularities in 2D QCD at this stage, and what is most important this system provides the IR finite bound-state problem within our approach. All the IRMR constants are expressed in terms of the quark wave function IRMR constant Z 2 (ǫ) except the quarkgluon and ghost-gluon proper vertices IRMR constants. They have been fixed to be unity though we were unable to investigate the corresponding ST identity for the latter vertex [3] , so we avoided this difficulty.
V. IR FINITE SD EQUATION FOR THE GLUON PROPAGATOR
Let us now investigate the IR properties of the SD equation for the gluon propagator which is shown diagrammatically in Fig. 5 (see also Refs. [15, 16] and references therein).
Analytically it can be written down as follows: Equating D = D 0 now and passing as usual to the IR renormalized quantities, one
where the quantities with bar are, by definition, IR renormalized, i.e., they exist as ǫ → 0 + .
Let us also remind that each independent loop integration over the gluon and ghost momenta generates a factor 1/ǫ, while it is easy to show that there are no additional IR singularities with respect to ǫ in the quark loop (since we have found regular at zero solutions for the quark propagator [3] ). Using now the general solution (4.6), one further obtains
Since the quark wave function IRMR constant Z 2 (ǫ) can be only either unity or vanishing as ǫ goes to zero, the contribution from the quark loop is always suppressed in the ǫ → 0 + limit, and we are left with the pure Yang-Mills (YM) SD equation for the gluon propagator.
For the quark propagator which is IR renormalized the very beginning (i.e., Z 2 (ǫ) = Z 2 = 1, so that it is IR finite), the SD equation (5.3) becomes Obviously, there is no need to investigate separately the IR properties of the SD equations for the quark-gluon vertex and for pure gluon vertices since the information about their IRMR constants has been uniquely extracted from the corresponding ST identities (see the general solution (4.6)). Moreover, the IRMR constants of different types of the scattering kernels which enter the above-mentioned SD equations (see, for example, Fig. 6 ) are to be precisely determined by the general system (4.6). In principle, each skeleton diagram of the above-mentioned expansions can be investigated in the same way as the BS scattering kernel was investigated in section IV.
The above-mentioned golden opportunity is provided by the third and fourth terms of this SD equation. The interesting feature of these terms is that they do not contain unknown scattering kernels, so their IR properties can be investigated directly by using only the known IRMR constants. On the other hand, these terms are nothing but the corresponding independent decompositions of the triple gauge field proper vertex with the IRMR constant is equal to Z 3 (ǫ) = Z 2 (ǫ), so one has
which, obviously, has only a unique solution given by the last equality. Thus we have fixed finally the quark wave function IRMR constant to be unity. Adopting the same method, it is easy to show that all other IRMR constants for the corresponding scattering kernels are:
We are now ready to investigate the IR properties of the SD equation for the triple gauge field proper vertex shown in Fig. 6 without refereing to the skeleton expansions of the corresponding scattering kernels. Using the previous results, the IR renormalized version of this equation isT
where, for simplicity, we omit the dependence on momenta and suppress the Dirac indices (i.e., tensor structure). As usual, the quantities with bar are, by definition, IR renormalized, i.e., they exist as ǫ → 0 + .
The SD equations for all other Green's functions can be investigated in the same way, in particular for the quark-gluon proper vertex shown for example in Ref. [1] . The general solution (4.6), taking into account the fundamental relation (6.1), provides their IR convergence, i.e., they exist in the ǫ → 0 + limit and, hence, similar to the SD equations, explicitly considered here, they are free of the severe IR divergences with respect to ǫ. In particular, let us note that Eq. 
VII. DISCUSSION AND CONCLUSIONS
In summary, the main observation is that 2D QCD is an inevitably IR divergent theory, and therefore a few points are worth reemphasizing.
We have shown explicitly how the IRMR program should be done to remove all the severe IR singularities from the theory on a general ground and in a self-consistent way.
The general system of the IR convergence conditions (4.6), on account of the fundamental relation (6.1), simply becomes
while all other independent quantities (Green's functions) are IR finite from the very beginning, i.e., their IRMR constants are simply unity. Evidently, only the nontrivial IR renormalization of the coupling constant squared is needed to render the theory IR finite, i.e., to make it free from all the severe IR divergences. Only the condition (7.1) provides a cancellation of all the severe IR singularities in 2D QCD. This completes the proof of the IR multiplicative renormalizability of 2D QCD within our approach. 1 1 In Ref. [17] a Wilson loop for YM theories in 2 + ǫ dimensions was perturbatively evaluated at order g 4 in the Feynman gauge. A discontinuous behavior in the nonabelian part of the loop has been discovered (the corresponding expressions exhibit a double and single poles in the ǫ → 0 + limit). However, a Wilson loop being a physical observable should be expressed in terms of the IR renormalized coupling constant, so taking into account our general result (7.1) these poles vanish,
Our proof implies that quark propagator should be IR finite from the very beginning, i.e., Z 2 (ǫ) = 1 which means S(p) =S(p). In the 't Hooft model [5] , the quark propagator is IR vanishing, i.e., Z 2 (ǫ) goes to zero as ǫ → 0 + . However, there is no contradiction with the above-mentioned since in his model it is implicitly assumed that neither g 2 nor N c depend on ǫ (i.e., they are IR finite from the very beginning) though both parameters g 2 and N c (since it is free one in the large N c limit approach) should, in principle, depend on it in the presence of such a severe IR singularity in the theory. From our general solution (4.6)
then it follows that Z 2 (ǫ) = √ ǫ, indeed, since in this case one has to put X(ǫ) = 1, i.e., the coupling constant squared is IR finite from the very beginning (g 2 =ḡ 2 ).
A few remarks are in order. In principle, no regularization scheme (how to introduce the IR regularization parameter in order to parameterize the severe IR divergences) should be introduced "by hand". First of all it should be well defined. Secondly, it should be compatible with the DT [4] . The DR scheme [8] is well defined; in Ref. [7] we have shown how it should be introduced into the DT (complemented by the number of subtractions, if necessary). In principle, other regularizations schemes are also available, such as, e.g., analytical regularization used in Ref. [18] or the so-called Speer's regularization [19] . However, they should be compatible with the DT as was emphasized above. Anyway, not the regularization is important but the DT itself. Whether the theory is IR multiplicative renormalizable or not depends on neither the regularization nor the gauge. Due to the chosen regularization scheme or the gauge only the details of the corresponding IRMR program can be simplified. For example, in the light-cone gauge at any chosen regularization scheme ('t Hooft model [1] , for example) to prove the IR multiplicative renormalizability of 2D QCD is almost trivial. This is mainly due to the fact that in this case only two sectors survive in QCD, namely quark and BS sectors. In other words, if theory is proven to be IR or and the result becomes finite in complete agreement with our general conclusion that 2D QCD is the IR renormalizable theory.
UV renormalizable in one gauge, it is IR or UV renormalizable in any other gauge. This is true for the regularization schemes as well. As it follows from the present investigation, to prove the IR multiplicative renormalizability of 2D QCD in the covariant gauge was not so simple. However, it was necessary aiming firstly to get the IR finite bound-state problem (which is important for physical applications), and secondly to generalize our approach on 4D QCD which is real theory of strong interactions. 2D QCD in the light-cone gauge is not appropriate theory for this purpose since its confinement mechanism looks more like that of the Schwinger model [1] of 2D electrodynamics, than it may happen in real QCD, where we believe it is much more complicated.
The structure of the severe IR singularities in Euclidean space is much simpler than in Minkowski space, where kinematical (unphysical) singularities due to light cone also exist.
In this case it is rather difficult to correctly untangle them from the dynamical singularities, only ones which are important for the calculation of any physical observable. Also the consideration is much more complicated in configuration space [4] . That is why we always prefer to work in momentum space (where propagators do not depend explicitly on the number of dimensions) with Euclidean signature. We also prefer to work in the covariant gauges in order to avoid peculiarities of the noncovariant gauges [20] , for example how to untangle the gauge pole from the dynamical one. The IR structure of 2D QCD in the lightcone gauge by evaluating different physical quantities has been investigated in more detail in Refs. [2, [21] [22] [23] [24] (and references therein).
The only dynamical mechanism which can be thought of in 2D QCD is the direct interaction of massless gluons (without explicitly involving some extra degrees of freedom).
It is well known that in the deep UV limit this interaction brings to birth asymptotic freedom (AF) [1] in QCD as well. It becomes strongly singular in the deep IR domain and can be effectively correctly absorbed (accumulated) into the gluon propagator. Let us remind that formally the D = D 0 solution always exists in the system of the SD equations due to its construction by expansion around the free field vacuum [1] . It is either trivial (coupling is zero) or nontrivial, then some additional condition(s) (constraint(s)), involving other Green's functions, is to be derived. Eq. (5.4) is precisely this exact constraint. The only question to be asked is whether this solution is justified to use in order to explain some physical phenomena, such as quark confinement, DBCS, etc. or not. By proving the IR multiplicative renormalizability of 2D QCD, we conclude that this is so, indeed.
One can also conclude that in some sense it is easier to prove the IR multiplicative renormalizability of 2D QCD than to prove its UV renormalizability. The reason is, of course, that we know the mathematical theory which has to be used -the theory of distributions [4] .
This is due to its fundamental result [4, 7] In this connection let us make a few remarks. The full dynamical content of 2D (4D) QCD is contained in its system of the SD equations of motion. To solve 2D (4D) QCD means to solve this system and vice versa. In particular, to prove the IR renormalizability of 2D (4D) QCD means to formulate the IRMR program for removing all the NP IR singularities from this system on a general ground and in a self-consistent way. As was mentioned above, the fortunate feature which makes this possible is the global character of the IR singularities in 2D QCD. Each skeleton diagram is the sum of infinite series of terms, however, the DT shows how their severe IR singularities can be summed up. Moreover, it shows how the severe IR singularities of different scattering kernels (which by themselves are infinite series of the skeleton diagrams) can also be summed up.
The next important step is to impose a number of independent conditions to cancel all the NP IR singularities which inevitably appear in the theory after the above-mentioned summations have been done with the help of the entire chain of strongly coupled SD and BS equations. They should also be complemented by the corresponding ST identities which are consequences of the exact gauge invariance, and therefore are exact constraints on any solution to QCD [1] . The only problem now is to find self-consistent solutions to the system of the IR convergence conditions. If such solutions exist, so everything is O.K. If not, the theory is not IR renormalizable. It is worth reemphasizing that we have found a selfconsistent solution to this system (Eq. (7.1) ).
Concluding, we would like to make a few things perfectly clear. In Ref. [3] we made sharp conclusions that 2D covariant gauge QCD implies quark confinement and dynamical breakdown of chiral symmetry. However, these conclusions would be groundless if in the present investigation we were not be able to prove that 2D QCD is an IR multiplicative renormalizable theory. This is our first conclusion here, and it is based on the compelling mathematical ground provided by the DT itself.
The second one is that we fixed finally the type of the quark propagator. The IRMR program implies it to be IR finite from the very beginning.
The third (most important for physical applications) conclusion is that the bound-state problem becomes tractable within our approach. To any order in the skeleton expansion of the BS scattering kernel shown in Fig. 7 , the corresponding BS equation (4.2) can be reduced finally to an algebraic problem. Its derivation is absolutely similar to the derivation of the IR renormalized quark SD equation which has been carried out in Ref. [3] .
It was widely believed that the severe IR singularities could not be put under control.
However, we show explicitly here and in Ref. [3] that the above-mentioned common belief is not justified. They can be controlled in all sectors of QCD of any dimensions by using correctly the DT [4, 7] . This can be considered also as one of our important results from a mathematical point of view.
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